ABSTRACT. In this paper, we study some homological properties of modules over certain nonNoetherian rings. We do this more closely on absolute integral closure of Noetherian domains.
INTRODUCTION
Throughout this paper all rings are commutative, with identity, and all modules are unital.
Jensen has been studied some homological properties of modules over rings that their ideals are countably generated, see [J1] and [J2] . In the literature, such rings are called ℵ 0 -Noetherian rings. The class of ℵ 0 -Noetherian rings were generalized inductively to the class of ℵ n -Noetherian rings. For some homological properties of modules over ℵ n -Noetherian rings, we refer the reader to the works by Osofsky [O1] and [O2] .
Our aim in this paper is to study some homological properties of modules over the absolute integral closure and perfect closure of Noetherian domains. Let R be a Noetherian integral domain and let R + be the absolute integral closure of R. By definition, R + is the integral closure of R in the algebraic closure of its fraction field. This is well known that R + has only one maximal ideal m R + , if (R, m) is local and Henselian, see [Ar] . The ring R + has many amusing properties. For example, R + likes regular ring, in the sense that flatdim R + (R + /m R + ) ≤ dim R when R is a local ring of prime or mixed characteristic, see [H, Propostion 2.15] . Furthermore, iii) Over Noetherian local ring (R, m) , Grothendieck's non Vanishing Theorem says that H dim M m (M) = 0 for any non-zero finitely generated R-module M. iv) Let (R, m) be a Noetherian local ring and M, N = 0 be finitely generated R-modules such that M ⊗ R N has finite length. Then, the intersection theorem says that dim N ≤ pd M.
A LOCAL GLOBAL PRINCIPLE THEOREM
Let A be a commutative ring with identity. By Auslander's global dimension Theorem, gldim A = sup{pd A (A/a) : a A}. So, in order to study gldim A it is enough for us to commute pd A (A/a) for all ideals a in A. It would be interesting to know whether the same equality remains true for some special types of ideals. For instance, one knows that if A is Noetherian,
Thus, maximal ideals, prime ideals and finitely generated ideals might be appropriate candidate for our proposed ideals. Now, let Σ be a subset of the set of all ideals of A. We say that A has finite global dimension on Σ, if sup{pd A (A/a) : a ∈ Σ} < ∞. Our main result in this section is:
Theorem 2.1. (Local Global Principle) Let A be a semi-quasi-local coherent ring which is ℵ n -Noetherian for some n ≥ −1. Then the following are equivalent:
i) A has finite global dimension on prime spectrum.
ii) A has finite global dimension on radical ideals.
iii) A has finite global dimension on maximal ideals.
iv) A has finite global dimension on finitely generated ideals.
v) A has finite global dimension.
Theorem 2.1 involves the notion of ℵ n -Noetherian rings. Let n ≥ −1 be an integer. By definition ℵ −1 , is the cardinality of finite sets. ℵ 0 is the cardinality of the set of all natural numbers. A set X is an ordinal if X is strictly well-ordered with respect to inclusion and every element of X is also a subset of X. Consider the set Ω := {α : α is a countable ordinal number}. Note that Ω is itself an ordinal number larger than all countable ones, so it is an uncountable set. By definition ℵ 1 , is the cardinality of Ω. Inductively, one can define ℵ n for each n ∈ N. Now, we can recall that a ring A is ℵ n -Noetherian, if every ideal of A can be generated by a set of cardinality ≤ ℵ n .
Remark 2.2. a) Any localization of a ℵ n -Noetherian ring is ℵ n -Noetherian. b) Any homomorphic image of a ℵ n -Noetherian ring is ℵ n -Noetherian. c) Let {A n : n ∈ N} be a chain of commutative Noetherian rings and set A := A n . Then A is ℵ 0 -Noetherian. In particular, A 1 [x n : n ∈ N] is ℵ 0 -Noetherian. d) If A is ℵ n -Noetherian, then A[x] is as well. Indeed, we can assume that n ≥ 0. Note that
A [x] is a free A-module on a set of cardinality at most ℵ 0 . [O1, Lemma 2.46 ] says that any submodule of A [x] is generated by ℵ n elements. In particular, A [x] is ℵ n -Noetherian.
In what follows we will use the following lemma several times.
Lemma 2.3. Let a be an ideal of a ℵ n -Noetherian ring A. Then
pd A (A/a) ≤ flatdim A (A/a) + n + 1.
Proof. This follows by inspection of the proof of [O1, Corollary 2.47 ].
The proof of Theorem 2.1 is based on Corollary 2.4 and Lemma 2.5 below. [Gl, Theorem 1.3 .9] we know that wdim A = sup{flatdim(A/a) : a is a finitely generated ideal of A}.
Thus, we need to show that flatdim A (A/a) < ∞ when a is finitely generated. On the other hand flatdim A (A/a) ≤ pd A (A/a). In view of our assumption, pd A (A/a) is finite for all finitely generated ideal a. This completes the proof.
Let Σ be a subset of the set of all ideals of A. We say that A has finite small global dimension on Σ, if pd A (A/a) < ∞ for all a ∈ Σ. In the literature, the rings of finite small global dimension on finitely generated ideals are called regular, see [B] . Recall that a ring is coherent if each of its finitely generated ideals are finitely presented. It is noteworthy to remark that the assumptions of the previous results are really needed. Example 2.6. i) There exists a ring with finite global dimension on finitely generated ideals but not of finite global dimension. To see this, let (A, m) be a valuation domain with infinite global dimension. Such a ring exists, see [O1, Proposition 2.62] . In a valuation domain, any finitely generated ideal is principal, and so free. A remarkable result of Osofsky [O2, Theorem A] states that projective dimension of an ideal of a valuation domain that generated by a set of cardinality ℵ n but no fewer elements, is exactly n + 1. Therefore, (A, m) is coherent but not ℵ n -Noetherian for each n.
ii) There exists a ring with finite global dimension on radical ideals but not on finitely generated ideals. Let A 0 be the ring of polynomials with nonnegative rational exponents in an indeterminant x over a field. Let T be the localization of A 0 at (X α : α > 0) and set A := T/(x α u : u is unit, α > 1). Then by [O1, Page 53] , A has finite global dimension on maximal ideals and pd(x 1/2 A) = ∞. Lemma 2.5 implies that A is not coherent. Note that dim A = 0, and so Spec A = Max A. So, A has finite global dimension on radical ideals but not on finitely generated ideals. Due to parts a), b) and c) of Remark 2.2, we know that A is ℵ 0 -Noetherian.
iii) There exists a quasi-local coherent regular ring such that its ideals are countably generated but not of finite small global dimension on maximal ideals, and so the converse of Lemma 2.5 is not true. Let A be the localization of
and let a := (a 1 , · · · , a n ) be a finitely generated ideal of A. There exists an integer ℓ such that [N, Theorem 4] says that the Noetherian property of a ring may be deduced from some homological properties of the ring. Regarding this, we give a non-Noetherian quasi local coherent ℵ n -Noetherian ring of finite global dimension. To see this, let n ≥ 0 an let (A, m) be a valuation domain with gldim A = n. Such ring exists, see [O1, Proposition 2.62] . By the same reason as i), A is ℵ n -Noetherian but not ℵ n−1 -Noetherian. Then A is a quasi-local coherent ℵ n -Noetherian ring of finite global dimension which is not Noetherian. ii) Let (V, m) be a valuation domain. Then the following are equivalent:
3) V is a principal ideal domain, and 4) V is an unique factorization domain.
Indeed, without loss of generality can assume that V is not a field. 1) ⇒ 2). Any finitely generated ideal of V is principal. Then by [Gl, Theorem 1.3 .9], wdim V = sup{flatdim(V/a) : a is a finitely generated ideal of V} = 1.
By i), m = m 2 or m = aV are hold. To see this, we can assume that µ(m/m 2 ) = 1. Thus, m = aV + m 2 for some a ∈ A. Either aA ⊆ m 2 or m 2 ⊆ aV are necessarily holds. Therefore m = m 2 or m = aV. Due to the Hausdorff assumption on m, in the first case, we have m = 0. Then, we can assume that m = aV is principal and a = 0. Now, let x be a non-zero element in V. Set v(x) := inf{n ∈ N ∪ {0} : x ∈ m n \ m n+1 }. This is easy to see that v is a value map on V, and so V is a discrete valuation domain. 2) ⇒ 3) ⇒ 4) These are trivial. 4) ⇒ 1) Due to [AT, Remark 3 .13], we know that dim V = ht m = 1. One has m = xV for some x, because V is an unique factorization domain. Then, V is Noetherian, since its prime ideals are finitely generated.
HOMOLOGICAL PROPERTIES OF R +
Throughout this section R is a Noetherian integral domain. Let R + be the absolute integral closure of R. By definition, R + is the integral closure of R in the algebraic closure of its fraction field. The aim of this section is to give the proof of Theorem 1.1. Our tools for doing this focused on two methods. The first one motivates by the proof of Lemma 2.3. The second one is due to Hochster, see [H, Propostion 2.15 ]. The key is given by the following two lemmas. 
Proof. i) Let F 0 be a free R + -module with base {e n : n ∈ N}. The assignment e n → x 1/n provides a natural epimorphism ϕ :
. From the definition of η n we have η n ∈ ker ϕ. Let F 1 be a submodule of ker ϕ generated by {η n : n ∈ N}. First, we show that
where F 1 , and so ker ϕ generated by {η n |n ∈ N}. In order to establish pd R + ((x 1/n : n ∈ N)R + ) ≤ 1, it is therefore enough for us to prove that F 1 is a free R + -module with base {η n : n ∈ N}. To this end, assume
The coefficient of e n+1 in the left side of equality is −x 1/n 2 +n α n . So α n = 0 and inductively
M is projective and consequently free. Now, recall that over a domain an ideal is free if and only if it s principal. But (x 1/n : n ∈ N)R + M is not principal. Therefore, pd R + ((x 1/n : n ∈ N)R + ) = 0 and so pd R + ((x 1/n : n ∈ N)R + ) = 1.
ii) Set a i := (x 1/p n i
: n ∈ N)R + . Let F be a free R + -module with base {e n : n ∈ N}. The assignment e n → x 1/p n i provides a natural epimorphism ϕ :
In the proof of i) replace η n by η ′ n . By the same reason as i), we have pd
Now, we establish another preliminary lemma. 
Proof. We prove both cases at the same time. In the case i) set a i := (x 1/n i : n ∈ N)R + and in the case ii) set
a length two projective resolution of R + /a i . By using induction on ℓ, we will show that
Theorem 11.21], we have
The ideal a 1 is direct union of free modules and so it is a flat R + -module. Hence, for each n > 1 we have Tor
, which is zero by [H, Propostion 2.11(3) ]. This follows that 
Proof. We prove all cases at the same time. Let d := dim R and let {x 1 , · · · , x d } be a system of parameters for R. In the mixed characteristic case we may assume in addition that
enough for us to show that
Keep in mind that R + is a direct union of its Noetherian subrings R ′ , which are module-finite over R. Therefore, it is enough for us to show that
This holds, since {x 1 , · · · , x d } is a system of parameters for (R ′ , m R ′ ). Now, Lemma 3.2 completes the proof.
Proof. Let x be any non-zero element of m. Then m R + = (x 1/p n : n ∈ N)R + which is countably generated. Therefore, it is enough to apply the following claim.
Claim 3.4.1. Let A be a commutative ring such that every prime ideal of A can be generated by a set of cardinality ≤ ℵ n . Then any ideal of A can be generated by a set of cardinality ≤ ℵ n .
Proof of Claim 3.4.1. Let Σ := {a A : a can be generated by a set of cardinality ≤ ℵ n } and let I be a set of cardinality ℵ n . Assume that Σ = ∅ and by Zorn's Lemma, assume that p is a maximal element of Σ. Suppose ab ∈ p and not a or b.
It says that p can be generated by the set {p i , j i a} of cardinality ≤ ℵ n . This contradiction shows that Σ = ∅, and so the claim follows.
In order to completes the proof of Theorem 1.1, we use an easy case of Lemma 3.6 below, in which if dim R + = 1, then R + is a valuation domain. But here we prefer to compute the value group and include the converse part. To do this we give the following general result for more probably applications in future.
Lemma 3.5. Let A be the one of the following integral domains. Then
0 =p∈Spec A p = 0. i) A is an unique factorization domain and dim A > 1. ii) A = R + for some complete local domain (R, m) with dim R > 1. iii) A
is a Noetherian domain with infinitely many non-associated prime elements.
* It may be checked modulo a 1 , to translates the characteristic p case. In this case, let x ∈ rad(a 1 + · · · + a d ). Then,
Proof. Suppose on the contrary that
Since dim A > 1, by using of prime avoidance, Λ is an infinite set. On the other hand A is an unique factorization domain. Therefore any height one prime ideal of A is principal. Thus x has infinitely many irreducible factors, which is a contradiction in unique factorization domains.
ii) Keep in mind that R + is a direct union of its Noetherian subrings, which are module-finite over R. Therefore, x ∈ R ′ for some of them. Note that R ′ is a complete local domain. By Cohen's Structure Theorem there is a regular local subring (S, m S ) of R ′ such that R ′ is a finitely generated S-module. First, assume that x / ∈ S. The element x is integral over S. So there exists a positive integer n and elements s i ∈ S such that x n + s 1 x n−1 + · · · + s n = 0. Choose such n in minimal way. Let r := −(x n−1 + s 1 x n−2 + · · · + s n−1 ). Then, r is a non-zero element of (S : R ′ x). In the case that x ∈ S, set r := 1. Thus, in both cases, one can find a non-zero element as r in (S :
From the equality (R ′ ) + = R + = S + , we can therefore replace x by rx and R ′ by S. Thus we may assume that x ∈ R and (R, m R ) is a regular local ring, during in the remainder of this proof. In particular, by a famous theorem of Auslander and Buchsbaum, R is an unique factorization domain, see [BH, Theorem 2.2.19] . In view of i), there is a non-zero prime ideal q ∈ Spec R such that x does not belong to q. The extension R −→ R + is integral, specially the lying over theorem is true for it. Let p be a prime ideal of R + lying over q. A contradiction we search it, is x ∈ p.
iii) The ring A x is a domain with only one prime ideal, since 0 = x ∈ 0 =p∈Spec A p. This implies that A x is the field of fractions of A. Set Λ := {p ∈ Spec A| ht p = 1, p is principal }. So, Λ is an infinite set. Assume that p := pA is in Λ and define 
Proof. i) Recall that R + = R ′ , where R ′ is module-finite over R. By our assumption R ′ is a 1-dimensional complete local domain. Let R ′ be the integral closure of R ′ in its field of fractions.
It is a discrete valuation domain. After replacing R ′ by R ′ , we find that R + is a direct union of discrete valuation domains. Since the direct union of valuation domains is again valuation domain, R + is a valuation domain. Now, we compute the value group. By Cohen's Structure Theorem, we can assume that (R, m) The following completes the proof of Theorem 1.1.
Proof. Due to Lemma 3.6 we know that R + is a valuation domain, and so any finitely generated ideal of R + is principal. Then by [Gl, Theorem 1.3.9] ,
Corollary 3.4 says that R + is ℵ 0 -Noetherian. By applying this along with Lemma 2.3, we find that gldim R + ≤ 2. In view of Theorem 3.3, we have pd R + (R + /m R + ) = 2, which is what we want to prove.
Here, we give some more examples of ideals of R + with finite projective dimension.
Assume that R is of prime characteristic p. Let a be a finitely generated ideal of R + with the property that ht a ≥ µ(a), the minimal number of elements of R + that need to generate a. We show that pd(R + /a) = µ(a) ≤ d. Indeed, first note that ht a = µ(a). Let a := a 1 , · · · , a n be a generating set for a. As the reader might have guessed, we can assume that a i ∈ R (R + is a direct union of module finite ring extensions of R. Such ring extensions are Noetherian, local and complete, since R is local and complete. Let A be one of them, which contains R and Then, without loss of generality we can assume that A = R is regular. Let w : R −→ Z {∞} be the valuation map of the valuation ring R. Since R + is an integral extension of R, w can be extend to a valuation map on R + . Again we denote it by w : R + −→ Q {∞}. Note that w is positive on the maximal ideal of R + . Assume that t is an uniformising element of R, i.e., m = tR. Let ∑ be the class of all subring R ′ of R such that ut / ∈ R ′ for any u ∈ R \ m. Note that any unit element has zero value with respect to w. This shows that the prime subfield of R belongs to ∑, and so ∑ = ∅. We can partially order ∑ by means of inclusion of subrings. ∑ is an inductive system. Let {R λ } λ∈Λ be a non-empty totally ordered subset of ∑ and let R ′ be their union. In view of definition, R ′ belongs to ∑. By Zorn's lemma, ∑ contains a maximal member R ′ say.
As the reader might have guessed, R ′ is a subring that we search it. To see this, we first find elements x, y ∈ R ′ such that w(x) = 2, w(y) = 3. It is enough to prove that x := t 2 , y := t 3 ∈ R ′ . For this, we show that
Hence there exists a positive integer n ∈ N and r 0 , · · · , r n ∈ R ′ such that ut = r 0 + r 1 t 2 + · · · + r n t 2n . This implies r 0 = u ′ t, where u ′ := u − r 1 t − · · · − r n t 2n−1 . Note that u is an invertible element of R, which is a contradiction. The same argument shows that t 3 ∈ R ′ .
Note that R + is a direct union of module-finite extension R i of R. In particular, R i is torsion free. Since, R is a principal ideal domain, so R i is a free R-module. Therefore R ֒→ R + is a flat extension, and so cyclically pure extension. Now, consider the ideal a = {α ∈ R + |w(α) ≥ 3}. Keep in mind that R + is a valuation ring. So either a ⊆ xR + or xR + ⊆ a are necessarily true. The second possibility is not true, since x / ∈ a. Thus, a ⊆ xR + . If the extension R ′ ֒→ R, were not the case, then we should have the extension R ′ ֒→ R + is a cyclically pure extension. Thus xR + ∩ R ′ = xR ′ , and so a ∩ R ′ ⊆ xR ′ . Hence y = rx for some r ∈ R ′ . By taking the valuation map from the both sides of this equality, we get w(r) = 1. Note that r ∈ R ′ ⊆ R. In particular, r ∈ m R . Therefore, r = ut for some u ∈ R. By taking the valuation map from the both sides of this equality, one can find that w(u) = 0. So u is an invertible in R. This is a contradiction by R ′ ∈ ∑.
ALMOST ZERO MODULES
Throughout this section R is a Noetherian integral domain. Let R + be the absolute integral closure of R. One can always choose a discrete valuation domain (V, tV) containing R with the same fraction field as R such that m ⊆ tV. This gives a Z-valued valuation map on R which is non-negative on R. We denote it by v : R −→ Z {∞}. This extends to a Q-valued valuation map on R + which is non-negative on R + . This extends to a Q-valued valuation map on R + . Fix such valuation map and consider the following definition. We can look at almost zero modules also from another point of view. The class of such modules is (hereditary) torsion theory. Torsion theory has its roots in classical torsion Abelian groups and in localization as typified by Gabriel's thesis on Abelian categories, an outgrowth of the modern sheaf theory of algebraic geometry as mentioned in [C] , by Call.
Definition 4.2. Let A be a ring and T a subclass of A-modules. T is called torsion theory, if it is
closed under taking submodule, quotient, extension and direct limit.
Adopt the notation of Definition 4.2. For an A-module M, let Σ be the family of all submodules of M, that belongs to T. We can partially order it by means of inclusion. This inductive system has an unique maximal element, call it t (M) . Thus, the assignment M to t(M) provides a functor we denote it by T. We shall denote by R i T, the i-th right derived functor of T. To make things easier we first, recall some notions. Set F := {a : A/a ∈ T}. We define a partial order on F by
and lim − → 
, where T a is equal with
One of the important numerical invariants that associated to T is cd(T), the cohomological dimension of T, the largest integer i such that 
Proof. i) and ii) Set F m R + := {a ⊳ R + : R + /a ∈ GR}. Then, we have
and so cd(GR) = pd R + (R + /m R + ). Therefore, the desired result follows from Theorem 1.1. iii) Let M be an R + -module. By Definition 4.1, an R + -module M belongs to T x , if there are sufficiently large positive integers as ℓ (M) 
Thus, inductively, M belongs to T x if and only if x 1/n M = 0 for all n ∈ N. Set x := (x 1/n : n ∈ N)R + and F x := {a ⊳ R + : R + /a ∈ T x }. We have
Recall that the partial order on F x is defined by letting a ≤ b, if a ⊇ b for a, b ∈ F x . Hence, {x} is cofinal with respect to F x . Therefore,
and consequently cd(T x ) = pd R + (R + /x). Now, the desired result follows by Lemma 3.1.
Each valuation map may gives a different class of almost zero R + -modules. It is worth to note
that for any pair of valuation maps R −→ Z {∞} which are positive on m by Izumi's theorem [I] , are bounded by constant multiples of each other. But, the situation when one extends this pair of valuation maps to R + is not clear. However, in the case dim R = 1, the next result says that T v = T x = GR.
Proposition 4.4. Let (A, m) be a 1-dimensional complete local domain. If x is a non-zero element of
Proof. This is trivial that GR ⊆ T x ⊆ T v . Let M be a torsion R + -module with respect to a valuation v and let m be a non-zero element of M. Thus, R + /(0 : 
Claim 4.4.1. Let I be a proper and finitely generated ideal of R + and let a be an ideal between I and I, the integral closure of I. Then R + /aR + / ∈ T v . Proof of Claim 4.4.1. Suppose {x 1 , · · · , x n } is a generating set for I. Set α := min{v(x i )|1 ≤ i ≤ n} and assume that a ∈ a. It is easy to see that v(a) ≥ α. This completes the proof of Claim.
Let M be an R + -module and T a torsion theory. Define from [Ca, Definition 1 .1] that T − depth R + (M) ≥ n if and only if there is an injective resolution of M such that whose first n-terms are torsion-free with respect to (T, F ). By inspection of [Ca, Proposition 1.5] , 
Proof. i) Let n be an integer and T torsion theory of R + -modules. By Definition 4.2, T x ⊆ T v . This yields that, if an R + -module is torsion-free with respect to (T v , F v ), then it is also-torsion free with respect to (T x , F x ). Hence,
. So in view of Theorem 4.3, it is enough for us to prove that
It is enough to recall that
This implies that GR is minimal with respect to the inclusion, among all non-zero torsion theories. At this point, ii) becomes clear from the proof of i).
We close this section with the following application of almost zero modules. Recall that a prime ideal p is said to be associated to M if p = (0 : A m) for some m ∈ M. We denote the set of all associated prime ideals of M by Ass A (M) . Proof. First, we recall a general observation. Let A a ring and a torsion theory. Any A-module M has a largest submodule t(M) which belongs to T. Also, M is called torsion-free with respect to T, if t(M) = 0. The collection of all torsion-free modules is denoted by F . It is worth to note that the pair (T, F ) is a maximal pair with having the property that Hom A (T, F) = 0 for all T ∈ T and F ∈ F .
i) Assume that a ǫ is finitely generated with generating set {x 1 , · · · , x n }. Set α := min{v(x i )|1 ≤ i ≤ n}. Hence ǫ < α. Let δ be a rational number, strictly between α and ǫ. There is an element a in R + such that v(a) = δ (see the proof of Lemma 3.6). In particular, a ∈ a ǫ . On the other hand for each r ∈ a ǫ one has v(r) ≥ α. This is clearly impossible. So a ǫ is not finitely generated.
Suppose on the contrary that Ass R + (R + /a ǫ ) is not empty and let p be in Ass
Proof of Claim 4.6.1. Assume that n is a positive integer and consider the polynomial f n (X) = X n − x ∈ R + [X]. The polynomial f n has a root as ζ n ∈ R + . Then ζ n ∈ p, since (ζ n ) n = x ∈ p. Keep in mind that v is positive on m R + . Thus the equality v(ζ n ) = v(x)/n implies that p has elements of small orders. Therefore,
The 
ii) In order to show Ass R + (R + /xR + ) = ∅, first we claim that R + /xR + is torsion-free with respect to T v . The ring R + is a direct union of module-finite extension R ′ of R. So x ∈ R ′ for some of them. Since (R ′ ) + = R + , without loss of generality we can replace R by R ′ . Thus, we may and do assume that x ∈ R. Let y + xR + be a torsion element of R + /xR + . So y + xR + ∈ t(R + /xR + ) = J/xR + for some ideal J of R + . As above, we can assume that y ∈ R. To simplify the notation, after replacing R by R, also we can assume that R is integrally closed in its field of fractions.
The assumption y + xR + ∈ t(R + /xR + ) is equivalent to finding elements ǫ n of R + of arbitrarily small order such that ǫ n y ∈ xR + . In light of [HH2, Theorem 3 .1] we see that y ∈ (xR) * , the tight closure of xR. By inspection of [BH, Corollary 10.2 .7], we know that (xR) * = xR, the integral closure of xR. Due to [BH, Proposition 10.2 .3] we have xR = xR, because R is an integrally closed domain. Therefore, y + xR + = 0. This shows that R + /xR + is torsion-free with respect to T v and so Hom R + (T, F) = 0 for all T ∈ T v and F ∈ F v .
Let p be in Ass R + (R + /xR + ). Then R + /p ֒→ R + /xR + . This along with Claim 4.6.1 yields that p = 0. Hence,
PERFECT SUBRINGS OF R +
In this section we consider the subrings of R + which containing a lot of elements of small orders. Let A be an integral domain with a valuation map w : A −→ R {∞}, which is nonnegative on A. One can define an A-module M is almost zero with respect to w, if for all m ∈ M and all ǫ > 0 there is an element a ∈ A with v(a) < ǫ such that am = 0. The notation T A v stands for the class of almost zero A-modules with respect to v.
Lemma 5.1. Adapt the above notation and assumption. If T A v = ∅, then A is a non-Noetherian ring.
Proof. Let M be an almost zero A-module with respect to w. Then, for each n ∈ N there are elements a n ∈ A such that v(a n+1 ) < v(a n ) < · · · < v(a 1 ) < 1. Consider the following chain of the ideals of
The positivity of v on A implies that a n+1 / ∈ (a 1 , · · · , a n ) for all n ∈ N. Therefore A is a nonNoetherian ring.
Example 5.2. Let (R, m, k) be a Noetherian local domain. The following are subrings of R + which are containing a lot of elements of small orders.
ii) Let R be a complete regular local ring of mixed characteristic (char R = 0 and char k = p).
If p / ∈ m 2 , then by Cohen's structure theorem, R is of the form
for a discrete valuation ring V. By Faltings algebra, we mean that
In this case, we set
iii) Let R be a complete regular local ring with char R = char k = 0. Then by Cohen's structure theorem, R is of the form
. Take p be any prime number. Set
Our aim in this section is about of the following question. 
Suppose that for α ≤ β, R β is a flat R α -module and that R α is a coherent ring for every α, then A is a coherent ring.
Lemma 5.5. Let {R n : n ∈ N} be a directed chain of Noetherian local rings and let A = R n . Then the following holds.
Proof. i) Without loss of generality we can assume that d := sup{gldim(R n ) : n ∈ N} < ∞ (this yields that R n is regular). Let a be an ideal of A. Due to Auslander's global dimension Theorem, it is enough to show that pd A (A/a) ≤ d + 1. Part c) of Remark 2.2 shows that A is ℵ 0 -Noetherian. Then, by Lemma 2.3, we have
Thus, we need to obtain that flatdim A (A/a) ≤ d. In order to prove this claim we can assume that a is finitely generated. On the other hand flatdim A (A/a) ≤ pd A (A/a). Thus, is enough for us to show that pd A (A/a) ≤ d, when a is finitely generated. Lemma 5.4 says that A is coherent, and so A/a is finitely presented over A. Due to [Gl, Corollary 2.5 .10] we know that pd A (A/a) ≤ d if and only if Tor
that completes the proof.
ii) It is enough for us to show that R ∞ satisfies the assumption of the ring A in part i). If char R = p we are nothing to prove, because R ∞ is direct union of regular local rings that are free over the preceding. Now, assume that R is regular and char R = p. For each positive integer n, set R n := {x ∈ R ∞ |x p n ∈ R}. Thus R ∞ = R n . Let p n ∈ Spec R n and let x 1 , · · · , x ℓ be a generating set for p 0 := p n ∩ R. Assume that x is in p n . Hence, x p n ∈ p n ∩ R = p 0 . So, there is r 1 , · · · , r ℓ ∈ R such that x p n = ∑ 1≤i≤ℓ r i x i . By taking p n -th root, it yields that x = ∑ 1≤i≤ℓ ζ i r
, where r 1/p n i ∈ R n and ζ i ∈ R n is a p n root of 1. This shows that
and so
In particular R n is Noetherian, because its prime ideals are finitely generated. Keep in mind that R is regular. Thus, we have m :
Notice that the ring R n is local with the maximal ideal (x
In particular, R n is a regular ring of Krull dimension d. By using a theorem of Kunz [BH, Corollary 8.2.8] , one can find that the R m is flat over R n for all n < m.
From here on it will be assumed that char R = p and we shall seek to give results anologue the results of Section 3 and 4 over R ∞ . Note that R ∞ is quasi-local. We denote its unique maximal ideal by m R ∞ .
Lemma 5.6. Let (R, m) be a Noetherian local domain of prime characteristic p and let x i be a non-zero and non unit element of R
Proof. By the method that used in the proof of Lemma 3.2, flatdim R ∞ (R ∞ /a) ≤ ℓ. Keep in mind that R ∞ is ℵ 0 -Noetherian. Thus, Lemma 2.3 implies the first claim. Set d := dim R and let {x 1 , · · · , x d } be a system of parameters for R. Then, by the proof of Theorem 3.3, we have
: n ∈ N)R ∞ , and so pd
The following is one of our main results in this section. 
ii) If R ∞ is coherent (this holds if R is regular), then gldim(R
Proof. i) Let p be a non-zero prime ideal of R ∞ . Let x := x 1 , · · · , x ℓ be a minimal generating set for
Now, we show that
Recall that R ∞ = R n . Therefore, it is enough for us to show that a n := rad((x
The claim ( ‡) is as same as ( ‡) in the proof Lemma 5.5. The ideal a n is radical in the Noetherian ring R n . Then there is a finite subset {q 1 , · · · , q i n } of prime spectrum of R n such that a n = i n j=1 q j . We can choose such decomposition in minimal way. Without loss of generality we can assume that q 1 ⊆ p n , because a 1 ⊆ p n , see ( †). One has
By Incomparability Theorem for the integral extension R n /R, we get that
Thus, by the minimality of i n we get that i n = 1. This completes the proof of (⋆, ⋆) and so (⋆) follows. By [H, Proposition 2.11] 
Putting this along with Lemma 5.6, we get that
ii) This is in Lemma 5.5 ii).
iii) Due to the proof of Lemma 5.5 ii), we know that R ∞ is a direct union of discrete valuation domains and so R ∞ is a ℵ 0 -Noetherian valuation ring. By Lemma 5.1, R ∞ is not Noetherian. The only sticky point is to recall that pd a = n + 1 exactly if a can be generated by ℵ n elements, where a is an ideal of a valuation ring, see [O2, Theorem A] . Indeed, let a := i∈I p be a radical ideal of A, where {p i : i ∈ I} is a family of prime ideals of A. By inspection of [HH1, Theorem 9 .2], we know that P := ∑ i∈I p i is either a prime ideal or it is equal to A. Therefore, the desired claim follows from the following short exact sequence 
Proof. i) and ii) These are immediate corollary of Lemma 5.6, because
iii) This is trivial by Theorem 5.7 ii).
iv) This follows similar as the proof of Proposition 4.5.
HOMOLOGICAL IMPOSSIBILITY OVER NON-NOETHERIAN RINGS
As the reader might have guessed, in this section we give some homological impossibility over general commutative rings. All of such properties are well known for commutative Noeherian local rings. Our main tool for doing this is Theorem 1.1. Throughout this section (R, m) is a Noetherian complete local domain.
A commutative algebraist can find easily that id R (R/m) = pd R (R/m). By the following, this not be true in the context of non-Noetherian rings, even if the ring is coherent and regular. 
Then by applying Hom
It has a root as x in R + . Then x ∈ m R + , since m R + is radical and x n = a. This yields that a ∈ m n R + and so m R + = m n R + . Assume that dim R = 1. Then, in light of Theorem 1.1, we see that Let (R, m) be a Noetherian local ring and M, N = 0 are finitely generated R-modules such that M ⊗ R N has finite length. Then, the intersection theorem state that dim N ≤ pd M. This important result was proved by Peskine-Szpiro for local rings that containing a filed and for all local rings by Roberts, see e.g. [BH, Section 9.4] . Here, we show that one can'nt extend this to coherent regular rings. 1, dim N ≥ 2 and pd M = 1. ii) Let (A, m) be a quasi local ring such that m is finitely generated and m n = 0. We would like to mention that Cohen [Co, Theorem 3] , proved that A is Noetherian. One can drop the condition m n = 0. Indeed, we know that ( A, n) is quasi-local, A/n n = A/m n , n = m A and n n = 0. In particular, n is finitely generated. Therefore, in view of Cohen's theorem, we have ( A) ∼ = A is Noetherian. By this, the ring V is Noetherian. In particular, the completion along with Jacobson radical is not flat, even our ring is coherent and regular.
SOME QUESTIONS
In this section A is a ring and T is a torsion theory of A-modules. We say that an A-module M has finite almost (flat) projective dimension with respect to T if there exists the following complex of (flat) projective R + -modules P • : 0 −→ P n −→ · · · −→ P 1 −→ P 0 −→ 0 such that H 0 (P • ) = M and H i (P • ) ∈ T for all i > 0. We say that a ring A is almost regular with respect to T if any module has finite almost projective dimension with respect to T.
Example 7.1. Let (R, m) be a 3-dimensional complete local domain of mixed characteristic p. By H i m (R + ), we mean the i-th cohomology ofČech complex of R + related to the a generating set of m. Recall that R + = R ′ , where R ′ is Noetherian and normal. Any normal ring satisfies the Serre's condition S 2 and so any system of parameters for R of length two is a regular sequence in R ′ , and so in R + . Thus, the classical grade of mR + is greater than 1. Consequently, for some x i ∈ m R + . 
